ABSTRACT: The interaction of small amplitude water waves with a patch of bottom ripples is studied using the Boundary Integral Equation Method (BIEM). Normal and oblique wave incidence is examined for reflection coefficients and the laboratory data of Davies and Heathershaw are compared to the numerical results, with the conclusion that the analytical model of Davies and Heathershaw overestimates the reflection coefficient at resonance. Comparison of BIEM results for oblique incidence is made with an extension of the recent work of Mei showing good agreement, even for large amplitude ripples.
INTRODUCTION
In a series of papers, Davies and Heathershaw (2-6) studied the propagation of normally incident water waves over ripples that may extend over infinite distances or are confined to patches of length 2L on an otherwise constant depth seabed. The mathematical analysis is based on the regular perturbation of the free surface and the bottom about their mean positions using the same small parameter. For a ripple patch, their analysis leads to a reflection coefficient, K r , defined as the reflected wave height divided by the incident height, given as 2bk sin 2kL Kr ~ sinh 2kh + 2kh,
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#" (1) and the transmission coefficient, K T , is unity for an integer number of ripples of sinusoidal shape and amplitude b. Here, k and (, are the wave numbers of the surface wave and the bottom ripples, respectively, h is the mean water depth (assumed constant), and m is the number of ripples in the patch. See Fig. 1 for a definition sketch. It is interesting to note that the first parenthesis represents the reflection from a rectangular obstacle of length 2L (13) , corresponding to the horizontal extent to which the bottom is perturbed, and of height b. This portion of the reflection coefficient accounts for all the zeros and the brackets are due to the ripples.
The maximum reflection occurs for 2k/t equal to unity. This is the Bragg scattering condition corresponding to the case in which the ripples have half the wave length of the surface waves, and thus a reflecting wave is reinforced exactly by the reflected portions of the previous waves.
'Prof., Dept. Civ. Engrg., College of Engrg. 1. As the number of ripples in the patch increases to infinity at the Bragg condition, K r does as well.
2. The transmission coefficient is always unity, even as the ripple bed becomes very long. At the order of the analysis, K, + K!? 4 1. 3. Experiments by Heathershaw (6) show that the wave height clearly decreases across a ripple patch for normal wave incidence, and hence, K T must be less than unity.
To rectify the second and third problem, Davies (2) has developed an approximate technique that fits the laboratory data better but does not satisfy the first-order governing equations.
Recently Mei (14) , using a multiple scales approach and including directly at the first order the reflected wave, developed a more accurate first-order theory, valid near resonance, which eliminates all three problems. Comparison of his normal incident results to the experiments of Heathershaw show excellent agreement. His results will be extended here for obliquely incident waves over a ripple patch. This paper utilizes the Boundary Integral Equation Method (BIEM) to study both the effect of the finite amplitude of the ripples and oblique wave incidence, thus extending the work of Davies and Heathershaw. With the BIEM approach, the problem is linear in all the boundary conditions but, by placing the bottom boundary elements directly on the ripples themselves, the bottom is represented exactly in the model. In the analytical models, the perturbation of the bottom condition about the mean location of the bottom introduces higher order terms, which are discussed later.
THEORETICAL CONSIDERATIONS
BIEM.-The BIEM has been used to solve a variety of problems in theoretical hydrodynamics and elasticity theory (e.g., 7, 11). For water waves the BIEM has been used by Yeung (18) , Liu and coworkers (10, 12, 17) , and Raichlan and Lee (15) . In this study the constant element model used by Kirby and Dalrymple (8) was improved by the inclusion of analytical lateral boundary elements (18) . More sophisticated models exist (12) ; however as long as a sufficient number of elements are used, the accuracy is the same.
The basis of the BIEM lies in the representation of the velocity potential at any location in a fluid in terms of the values of and its normal derivative on the boundaries (9), by using Green's theorem:
in which G(r) is a simple Green's function and r is the distance from the arbitrary interior point (x 0 ,z 0 ) to the boundary, S. The first part of the integral represents a distribution of sources along the boundaries, while the second part is a distribution of doublets. In order to obtain 6(x 0 ,z 0 ), the boundary values of c( > and d<J>/3n must be known. For a properly posed boundary value problem, either 6 or 86/dn is prescribed on all the boundaries and therefore only the unknown 6 or dS/dn is to be determined.
As the cited references provide detailed explanations of the BIEM technique, only a brief discussion is provided here. For a linear water wave, Eq. 2 is written for a surface point, (x,, z s ),
For normal incidence, G(r) = 1/r, and for oblique incidence G{r) = -K 0 (Kr), where \ = k sin 6, the wave number component in the y direction, and K 0 ( ) is the modified Bessel function of the second kind.
For the upwave and downwave lateral boundaries, where the bottom is assumed constant, the velocity potential for the linear wave can be represented analytically using an eigenfunction expansion with unknown coefficients (18) , with the exception of the incident wave. The integration in Eq. 3 is then carried out numerically for these boundaries using Gaussian quadrature (including a special form for logarithmic functions). The advantage of this hybrid method is that fewer elements are needed and the reflection and transmission coefficients are obtained directly.
For the results presented here, the boundaries were represented by 122 elements (60 at the surface and 60 on the bottom). By placing the lateral boundaries sufficiently far from the ripple patch, only the progressive waves in the eigenfunction expansion were necessary.
Oblique Incidence.-By consideration of Bragg's scattering it was anticipated (1) that the wave number component normal to the ripple patch was instrumental in determining scattering and therefore the resonant (or maximum) reflection could be predicted by (2k cos 6) , =1 = (4) in which 0 is the angle of incidence measured from the normal direction. For given wave numbers k and t, the maximum reflection occurs at angles greater than zero. Mitra and Greenberg (15) show this for a doubly infinite rippled bed. However Mei's (14) result for a semi-infinite ripple patch does not follow the Bragg condition. In Appendix I an extension of Mei's result to a finite patch of ripples with oblique wave incidence predicts that the maximum reflection occurs for normal incidence for a given k and i. One of the goals of this study was to determine which of the two results is correct. From Appendix I for waves incident to angle 9 to the x axis, the reflection coefficient for a ripple patch is sin 2kL 
in which <r is the incident wave frequency and w is the resonant wave frequency (for which 2k/€ is unity). When Xl/flo < 1/ then sinh 2kL
For normal wave incidence, 8 = 0°, Eqs. 5 and 9 reduce to those of Mei (14, his Eqs. 3.14 and 3.19). ild is the cutoff frequency. For Cl less than fli, the reflection over the ripples decays exponentially, whereas for fl greater than ill,, the wave amplitude has a sinusoidal behavior over the patch (14) .
RESULTS
The first application of the BIEM model was to the laboratory experiments of Heathershaw (6) The analytical reflection coefficients in Eqs. 1, 5, and 9 increase linearly (or nearly so) with the ripple amplitude b. In Fig. 4 the results of the BIEM show the linear increase until the ripples become a significant portion of the water depth (b/h = 0.3). The departure of K r from a linear trend corroborates the results of Davies and Heathershaw (5, their Fig.  7) . It is quite likely that for much larger values of b/h, the linear free surface boundary conditions would no longer be valid, due to the shoaling and possible wave breaking on the ripples. In the same figure, the analytical solution of Mei (0°) is shown to be very similar to the numerical model results, indicating that the procedure developed by Mei is valid for a surprisingly large range of b/h. For 20° incidence, there is a discrepancy between Eq. 5 and the BIEM results; this is also shown in Ref. 5 , Fig. 7 ; however for this case, fl/flo, is large, 3.34, and O = 0.74 s" 1 .
In Fig. 5 , the bottom velocities, computed by central differences from the BIEM results, are shown. The velocity field is not obviously conducive to maintaining the ripples for these short ripple patches, as the maxima occur near the ripple crests.
A spatial Fourier analysis of the free surface values of 4>, which is proportional to the water surface displacement, was performed for the results shown in Fig. 3 to determine the harmonic content of the wave field over the ripples. From Davies and Heathershaw, waves with wave numbers of k ± (, arise from the wave-bottom interaction. By examining a higher order perturbation of the analytical bottom boundary condition (using a Taylor series expansion about the mean bottom position), we find that waves with wave numbers equal to k ± ni, n = 1, 2, 3, ..., should be present in the BIEM solution. It is difficult to obtain an adequate number of surface points for an accurate analysis due to the large matrices that are necessary in the BIEM and it is presumed that the high wave number waves are small; therefore, as shown in Fig. 6 , only the first few sum and difference waves appear in our analysis.
For oblique incidence, the reflection coefficient given in Eqs. 5 and 9 is compared to the BIEM results for 2fc/€ = 1.22 and 0.958 in Figs 8. For both models a zero reflection coefficient occurs for 45°, however for the first case the BIEM predicts that the maximum reflection occurs at 17.5°, approximately half the value predicted by oblique Bragg scattering (Eq. 4), which is clearly not applicable. For the second case (XI < lio) both models predict the maximum scattering at normal incidence. (At zero degrees, normal incidence, the Davies solution, Eq. 1, is also shown.)
CONCLUSIONS
For water waves propagating over a ripple patch the linear solution of Davies and Heathershaw overpredicts the reflection coefficient at the Bragg condition (2k/€ equal to one), particularly as m increases. The multiple scales approach of Mei is more accurate and allows for oblique incidence, as given in Appendix II.
For a ripple patch and for values of b/h up to 0.4, the reflection coefficients given by Eqs. 5 and 9 are accurate, provided fl/fto < 1/ as shown by comparison to data for normal incidence (14) and by comparison to the numerical results of this study. Classical Bragg scattering, as given by Eq. 4, does not hold for oblique wave incidence on a ripple patch.
The BIEM is a useful method for determining wave properties and provides either a useful check to analytical solutions or actual data.
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In front of the ripple patch, which extends from x = 0 to L p , the incident wave amplitude is Using Eqs. 10 and 11, and the boundary conditions, at the upwave and downwave ends of the ripple patch, we find 
